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A B S T R A C T
We consider the problem of unsteady two-phase blood ﬂow in a catheterized elastic artery with steno-
sis, where the form and extent of the stenosis is chosen based on the available experimental data for a
human’s artery with stenosis. Equations for the dependent variables of the two-phase arterial blood ﬂow
are solved together with the equations for the elastic wall displacements subjected to reasonable mod-
eling and approximation. We ﬁnd, in particular, that the radial and axial displacements of the elastic wall
oscillate in time, and their oscillations grow with increasing the hematocrit, catheter size, volume ﬂow
rate, blood pressure force and the viscoelastic wall stress, but such oscillations decay with increasing
the elastic wall stiffness and the elastic wall thickness.
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Diseases in blood vessels and in the heart, such as heart attack
and stroke, are major causes of mortality worldwide. Themain cause
for these diseases is the formation of the so-called stenosis that, for
example, as a result of fattymaterials in the artery, reduces the cross-
sectional area of blood passage and hence can prevent suﬃcient
blood supply to reach the distal bed [1–4].
A number of arterial blood ﬂow studies in the past [5–7] were
for the cases where no catheter was inserted into the artery. In those
studies the authors used simpliﬁed analytical functions for the shape
of the stenosis, and the elastic aspect of the artery’s wall was not
taken into account. There have also been some studies of the blood
ﬂow in the catheterized arteries [8–10] and some studies were for
the elastic arterial ﬂow cases [11,12]. In addition, there have been
also studies of cases with more complicated geometrical shape of
the stenosis as well as time dependent stenosis such as those due
to Young [13] who studied the effect of a time-dependent stenosis
on the ﬂow through a tube, Ang and Mazumdar [14] who studied
mathematical modeling of a three-dimensional ﬂow through an
asymmetric arterial stenosis, and Valencia and Villanueva [15] who
did numerical simulation of unsteady ﬂow andmass transfer in both
symmetric and non-symmetric stenotic arteries.* Tel.: +1 956 882 7832, fax: +1 956 882 6637.
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2016The use of catheter is important as a standard tool for diagno-
sis and treatment in modern medicine. Transducers attached to a
catheter are of great use to measure blood pressure in arteries. A
catheter is composed of polyester. To reduce stenosis, a catheter with
a tiny balloon attached at the end is inserted in the artery and that
balloon is inﬂated to fracture the fatty deposits and to widen the
narrowed portion in the artery.
In a large number of studies in the past on the arterial blood ﬂow
including all those references given above, the shape of the steno-
sis was based on some assumed simple analytical functions. Back
et al. [16] did experiment using an actual human’s artery and mea-
sured cross-sectional area of the artery, which was found to be
circular to a very good approximation along the axis of the artery.
This artery had a mild stenosis and was the main coronary artery
of a man. They obtained this artery casting from a human cadaver
with stenosis disease fromUSC School of Medicine. They used sugar–
water solutions simulating blood viscosity and developed a ﬂow in
the artery bymaintaining a volume ﬂow rate. Their results were con-
sistent for a straight axisymmetric model.
In the present study and in contrast to the previous studies
that we referred to earlier, we use experimentally generated data
reported by Back et al. [16] for the cross-sectional area of the
human’s artery section that contained a mild stenosis, to deter-
mine the radial function of the inner surface of the artery versus
axial variable along the artery’s axis as can be seen in Fig. 1,
where in our investigation blood is represented by a two-phase
macroscopic model described later in this section and in section
2. Fig. 1 presents dimensional shape function R(z) of the stenosisg/licenses/by-nc-nd/4.0/).
versus dimensional value of the axial variable along the artery’s
axis based on the actual dimensional data determined from the
experimentally values of the cross-sectional area of the artery of a
human [16].
Another main difference between the present study and those
elastic arterial ﬂow studies in the past is that instead of an assumed
shape for the pressure gradient force, we determine such force for
a maintained volume ﬂow rate, which is consistent with the way
the experimental work by Back et al. [16] was carried out to collect
data for the cross-sectional area of a human’s artery.
The classical approach that uses single-phase blood ﬂow in an
artery and is based on the governing mass conservation and mo-
mentum equations [17] is known to provide satisfactory results on
some aspects of large arteries whose inside diameters are larger than
2.4 mm [18]. Srivastava and Srivastava [18] observed that for blood
ﬂow in an artery with inside diameter less than 2.4 mm, the indi-
viduality of red cell becomes signiﬁcant in such arteries. They
concluded that blood may need to be represented by a macroscop-
ic two phase model, where the blood can be composed of a
suspension of red cells in plasma.
Bugliarello and Sevillo [19] showed experimentally that for blood
ﬂow in small vessels with an inside diameter between 0.1 mm and
0.02 mm, there is a cell-free plasma layer of Newtonian ﬂuid and
a core zone of suspension of all the erythrocytes (red cells). They
also did a two-layer modeling of blood in such small diameter tubes,
and such two-ﬂuid modeling of blood ﬂow has been studied by a
number of other authors including Shukla et al. [20] and Chaturani
and Upadhya [21]. For narrow vessels whose inside diameters are
less than 0.2 mm, there have also been studies in the past that used
particular numerical approaches such as discrete-particle method
and mesoscopic simulation technique [22–24] to determine results
based on the equations of motion for the particle dynamics of the
blood ﬂow, which is composed of ﬂuid particles (plasma) and solid
particles such as erythrocytes.
In the present study and consistent with the experimental data
due to Back et al. [16] that we have employed in our investigation,
the inside diameter of our investigated artery is about 2.2mm,which
lies in the range between 2.4mm and 0.2mm. Thus, consistent with
the earlier work [10,25] and as we described more in details in the
following section, we consider two-phase macroscopic blood ﬂow
and continuum approach using the governing mass conservation
and linear momentum equations for the two-phase ﬂow [26], where
the ﬂuid is composed of a suspension of the blood cells, which are
referred to as particles here, and plasma. So the plasma and par-
ticles are considered as two coexisting phase that span the ﬂow
domain in the artery, but as is described in the next section, the
present two-phase modeling system is based on a number of rea-
sonable approximations and assumptions. It appears that the present
work is the ﬁrst one that considers the blood ﬂow in a catheter-
ized elastic artery with diameter in the above range, and applies
the continuum two-phase macroscopic ﬂow approach, and deter-
mines, in particular, effects of various parameters including the
hematocrit, wall stiffness, blood pressure force and the catheter size
on the elastic wall displacements.
2. Formulation and modeling
2.1. Artery ﬂow system
Consider axisymmetric blood ﬂow in a catheterized elastic artery
in a circular cylindrical annulus tube with outer radius R0 (radius
of the artery) and inner radius r1 (radius of the catheter) and in the
presence of stenosis whose shape (Fig. 1) is determined experi-
mentally. Artery length is assumed to be suﬃciently large in
comparison to its radius so that the end effects can be neglected.
As was described in section 1 for the present elastic catheter-
ized arterial blood ﬂow system, the two-phase blood ﬂow in such
artery is based on the continuum approach and equations of motion
for the mass conservation and linear momentum [17,26]. Because
of the complicated nature of the structure of the blood and its cir-
culatory motion in the arteries, analyzing the actual manner of the
ﬂow is a formidable task [10]. We thus will make use of simpliﬁed
assumptions together with their justiﬁcations [18] and consider the
equations for both ﬂuid plasma and the suspended particles (red
cells) as their axisymmetric form in the cylindrical coordinate system
with the axial direction along the co-axial direction of the cath-
eterized artery, which are given by:
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Fig. 1. Experimentally generated data for the height of the stenosis region from the axis of the elastic artery tube based on the actual data due to Back et al. [16].
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Here ∇2 ≡ [(1/r)(∂/∂r)(r∂/∂r) + ∂2/∂z2] is the Laplacian operator, r
(r1 ≤ r ≤ R0) and z are the cylindrical coordinates with the axial vari-
able z along the tube axis and the radial variable r along the direction
perpendicular to the tube axis, t is the time variable, subscripts “f”
and “p” refer to ﬂuid (plasma) and particle (erythrocyte) quanti-
ties, respectively, u and v are the axial and radial velocity
components, respectively, ρ is the actual density, P is the pressure,
C is the volume fraction density of the particles, which is referred
to here as the hematocrit % in the blood, (1-C)ρf is the ﬂuid phase
density, Cρp is the particle phase density, and S ′ is the drag coef-
ﬁcient of interaction for the force exerted by one phase on another.
The pressure gradients are assumed to be the same for the two
phases, which is valid in most of the practical applications [18,27].
The concentration of the particles is considered to be suﬃciently
small to neglect the ﬁeld interactions between them [28]. The
diffusivity terms, which can model the effects of particle–particle
impacts due to the Brownianmotion, are thus neglected. The volume
fraction density of the particle or hematocrit C is considered a con-
stant, which is a good approximation for low red cells concentration
up to C = 0.6 of small particles [10]. The expressions for the viscos-
ity of suspension μs and the drag coeﬃcient of interaction S ′ between
the plasma and erythrocytes have been chosen to be (Srivastava [28];
Srivastava and Srivastava, 2009 [29]):
μ μs = −( )0 1 mC , (1g)
m exp C T exp C= + −( ) ( )[ ]0 07 2 49 1107 1 69. . . , (1h)
′ = + − + −( ) ( )⎡⎣ ⎤⎦ ( ){S a C C C C4 5 4 3 8 3 3 2 30 02 2 0 5 2. ,.μ (1i)
where μ0 is the plasma viscosity, a0 is the radius of a red cell, and
T is absolute temperature measured in Kelvin. Based on the em-
pirical relation given by Charm and Kurland [30], the expression for
the plasma viscosity given by Eq. (1g–h) is found to be accurate up
to 60% hematocrit (C = 0.6), and the expression Eq. (1i) was derived
ﬁrst by Tam [31], representing the classical Stokes drag valid for small
particle Reynolds number.
We consider the Eq. (1a–i) for the blood ﬂow and use cylindri-
cal coordinate system with r as the radial variable, z as the axial
variable and with z-axis along the axis of the cylindrical artery in
the form of an annulus tube, where the blood ﬂow is between the
artery inner surface wall and a catheter in the form of a tube with
small radius but along the axis of the artery. Inside the inner bound-
ary of the artery is partially structured along a distance L0 due to
the presence of an atherosclerosis (Fig. 2).
In Fig. 2, where the ﬂow system and the geometry is shown in
the cylindrical annulus, the catheterized arterial tube is given over
a distance L = 2d + L0 in the axial direction, δ is the maximum height
of the stenosis into the lumen, which appears at particular loca-
tion in the axial direction, and R(z) is the dimensional height of the
inside boundary of the artery that depends on the axial location z
of the artery.
2.2. Elastic artery wall system and modeling
The governing equations of motion for the displacement com-
ponents ξ and η along the axial and radial directions, respectively,
of the elastic arterial wall are modeled based on the earlier formu-
lations [11,32]. The original motivation for the development of this
model, whose system turns out to be somewhat similar to a mass-
spring system in mechanics, was originally based on the
experimental results obtained by Patel et al. [33] that showed that
within the physiological range of the ﬂow circulation, the longitu-
dinal tethering of the arteries of dogs can be simulated by a
mechanical model consisting of a spring, dashpot, and a lumped ad-
ditional mass. Experimental results by Patel et al. [33] also indicated
that such an exhibited mechanical response can relate displace-
ment along the elastic wall of the dog’s artery to the blood pressure
force and its associated blood ﬂow in the artery. Atabek [32] devoted
a whole paper to formulate such mechanical modeling, which was
subjected to reasonable assumptions and approximations. In such
a mechanical model there are terms associated with the accelera-
tion of the wall, stiffness of the wall, friction due to the elastic wall
displacement, surface forces, and the forces of constraints exerted
by the surrounding connective tissues. These equations are, thus,
given below:
M t C t K u r v z
T R z
l l f f r R
t
0
2 2
0 0
0 0 0
∂ ∂ + ∂ ∂ + = − ∂ ∂ + ∂ ∂
+ − ∂ ∂
( ) ( )
( )[ ]
=
ξ μ
ηθT + − ∂ ∂ + ∂ ∂( )[ ] ( )[ ]E h R z zt t1 0 2 2σ σ σ η ξθ θ ,
(2a)
M t C t K P v r
T z R E
r r f r R
t
0
2 2
0 0
0
2 2
0 0
2
2∂ ∂ + ∂ ∂ + = − ∂ ∂
+ ∂ ∂ + −
( ) ( )
( ) =
η μ
ηθ θT h R R R zt t0 0 0− + ∂ ∂( )[ ]( )σ σ η σ ξθ , (2b)
where M0 ≡ ρf h + Ma; ρf is the mass density; h is the thickness of
the arterial wall; Ma is an additional mass of the mechanical model
of the tethering by the surrounding tissues on the motion of the
arterial wall, which is assumed to be equal to the leading term in
both longitudinal and radial directions [32]; Tt0 and Tθ0 are the initial
Fig. 2. Flow geometry in a catheterized elastic artery with stenosis.
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viscoelastic stress components acting along the longitudinal and cir-
cumferential directions, respectively; Kl and Kr are the wall stiffness
coeﬃcients in the longitudinal and radial tethering directions, re-
spectively; Cl and Cr are the frictional coeﬃcients of the dashpot in
the longitudinal and radial directions, respectively; Eθ and Et are
Young moduli in the circumferential and the longitudinal direc-
tions, respectively; and σθ and σt are the Poisson ratios in the
circumferential and the longitudinal directions, respectively.
It should be noted that the Eq. (2a–b) for the radial and the axial
displacement of the elastic artery are, in addition, based on the as-
sumptions that the ratio h/R0 is suﬃciently small, the tensile stresses
are approximately can be constant across the thickness of the elastic
artery, the response of the external medium surrounding the elastic
artery is assumed to be along the radial and axial directions only,
the radial and the axial components of such medium are indepen-
dent from each other, and the mechanical model adopted based on
the experimental results for the longitudinal tethering of arteries
in dogs is also valid qualitatively for the effects of the surrounding
tissues on the radial component of the elastic artery’s wall. Fol-
lowing the experiments by Tickner and Sacks [34], we have
considered that the elastic artery is orthogonally anisotropic, and,
thus, we applied it to the elasticity relations [35] for the stress com-
ponents in the axial and radial directions in Eq. (2a–b) [32].
The boundary conditions for the displacement functions are ob-
tained by the consideration that the blood ﬂuid particles adhere to
the inner surface boundary of the elastic artery, so that the veloc-
ity of the blood plasma on the artery’s wall is equal to the velocity
of the artery’s wall. For the present elastic artery system where the
magnitude of the displacements along the axial and radial direc-
tions of the elastic wall are very small, the location of the inner
surface can be approximated to be that of its initial location [32],
and consequently the boundary conditions can be given by:
∂ ∂ = ∂ ∂ = = ( )
= =
η ξt v u r R zf r R f r R0 0, .t at (2c)
No pressure boundary condition is needed in the present model
since as can be seen in the next section, the blood pressure is a func-
tion of z only and is determined for a prescribed volume ﬂow rate
in consistent with the experimental data due to Back et al. [16] that
were used in the present work.
2.3. Non-dimensional modeling system
We now ﬁrst non-dimensionalize the governing system [Eqs.
(1a–f) to (2a–c)] using U, UR0 /L0, L0, R0, L0/U and μ0U L0/R02, as scales
for the axial velocity, radial velocity, axial length, radial length, time
and pressure, respectively, where U is the maximum velocity for the
unidirectional ﬂow in a cylindrical annulus [36]. In addition, using
L0 as the scale for the wall displacements, ρf R0 as scale for M0, ρf U
as the scale for each of the frictional coeﬃcients, ρf U2/R0 as the scale
for the spring coeﬃcients, ρf U2 R0 as the scale for the viscoelastic
stress components and ρf U2 as the scale for each of the Young
moduli. Next, we simplify the dimensionless forms of the govern-
ing Eq. (1a–f) under the reasonable conditions for mild stenosis with
δ/R0< < 1, unidirectional ﬂow assumption [36] where the axial ve-
locity component dominates over the radial velocity component,
and subjected to the assumptions that the inertial terms in the gov-
erning momentum Eq. (1a–b) and (1d–e) are small and Re γ < <1,
where Re ≡ UR0 ρf/μ0 is the Reynolds number and γ ≡ R0 /L0< < 1. The
value of γ is about 0.056 < <1 in the present experimental data for
the stenosis [16]. Under these conditions and assumptions [10], the
pressure is only a function of z, t and Eq. (1a–i), which lead to simpler
equations. We also consider power series expansions of the depen-
dent variables in powers of γ, use them in Eqs. (1a–f) and (2a–c)
and keep only the terms up to and including the ﬁrst order in γ. This
leads to simpler equations in the non-dimensional forms, which are
given below using the same symbols as their dimensional ones for
the simplicity of notations:
γR C u t C dP dz C mC
r r r u r
e
f
1 1 1 1
1
− ∂ ∂ = − − + − −
∂ ∂ ∂ ∂ +
( ) ( ) ( ) ( )[ ]
( )( )( )[ ]
f
CS u up fβ2 −( ), (3a)
γ ρ βR u t dP dz S u ue p f p∂ ∂ = − = −( )2 , (3b)
S C C C= + − + −( )⎡⎣ ⎤⎦ ( )4 5 4 3 8 3 3 2 32 0 5 2. ,.C (3c)
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γ η σ σθ θ θ
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z T T hE n
l l e f
t t
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+ ∂ ∂ − + −
( )( )
( )[ ]
=r 1
0 0
21 , (3d)
γ η η σθ θ θC t R P K E h n Tr e r∂ ∂ = − + − −( ) ( ) ( )[ ]
=
1 11
2
0r , (3e)
where β ≡ R0/a0, ρ = ρp/ρf, Re = UReρ/μ0 (Reynolds number) and n ≡ σt/
σθ is the degree of anisotropy of the arterial wall. It can be seen from
Eq. (3d–e) that to the leading order terms the longitudinal dis-
placement is zero since Kl is non-zero, while the radial displacement
of the arterial wall is proportional to the pressure with the pro-
portionality term depends on thewall stiffness, wall thickness, degree
of wall anisotropy, Young moduli, Poisson ratio and the viscoelas-
tic stress. Using Eq. (2c) and the no-slip condition on the catheter
wall, Eq. (3a–e) is subjected to the following boundary condi-
tions:
u r rf = =0 1on (3f)
u t r R zf r= = ∂ ∂ = ( )1 ξ on . (3g)
Considering the resulting modeling system [Eq. (3a–g)] and as
more details are provided in the next section, it can be seen from
the zeroth order terms in γ (γ = 0), that the corresponding system
does not contain any time derivative terms, and, thus, it can admit
solutions as simple oscillatory form proportional to cos(ωt), while
the system corresponding to the ﬁrst order terms in γ in Eq. (3a-g)
admit solutions proportional to sin(ωt) for the plasma velocity, red
cell velocity, pressure and the radial displacement of the elastic wall
and proportional to cos(ωt) for the axial displacement of the elastic
wall, where ω is the frequency of the pulse oscillation. Thus, using
the perturbation approach with γ < <1 as small parameter, we write:
u u P u u P u u Pf p f p f p, , , , , , , , , , , ,ξ η ξ η γ ξ η γ( ) ( ) ( ) ( )= + +0 0 0 0 0 1 1 1 1 1 2O , (4)
where in addition to the already described time dependence, the
quantities with subscripts 0 and 1 are also assumed to be, in general,
functions of z and/or r.
2.4. Values of parameters
We carried out numerical calculations of various expressions ob-
tained in the next section for several different values of the
hematocrit parameter C, radius of the catheter, frequency of the
forced oscillation, spring coeﬃcients, thickness of the arterial wall,
degree of the wall anisotropy, circumferential Young moduli, cir-
cumferential Poisson ratio, circumferential viscoelastic stress and
over a range of values of the time, axial and possibly radial vari-
ables. For all the calculations, we set b = d/L0 = 0.5, γ = 0.056, β = R0
/0.004, R0 =1.5 mm, the volume ﬂow rates Q0 and Q1, whose expres-
sions are given in the next section, are set initially equal to 1 in most
of the calculation, but we also determine the effects of the volume
ﬂow rates on different quantities by increasing or decreasing the
values of the volume ﬂow rates. For the rest of the constant quan-
tities, we choose different values in order to determine their effects.
But, typical values of some of such constants in the experiments
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[11,12] are Re = 1, ω = 8, non-dimensional Tθ0 = 0.1, non-dimensional
Tt0 = 0.015, non-dimensional Et = 4(106), non-dimensional h = 0.05,
non-dimensional Kl = 2(109), σt = 0.51, n = 1, (ρp, ρf) = (1.125, 1.05)
g/cm3, Cl = 4400 g/(cm-sec) and μ0 = 0.01 poise.
3. Analysis for elastic artery ﬂow
3.1. Leading order system
Using Eq. (4) in Eq. (3a–b) and (3d–g) and keep terms to the
zeroth order in γ, we have the following system:
1 1 1 10 0
2
0 0
− = − − ∂ ∂ ∂ ∂
+ −
( )( ) ( ) ( )[ ] ( )( )( )[ ]C dP dz C mC r r r u r
CS u u
f
p fβ ( ), (5a)
C dP dz CS u uf p0 2 0 0( ) ( )= −β , (5b)
Klξ0 0= , (5c)
P R K T E h nr e r0 1 0
2
01= = − + −( )[ ]θ θ θσ η , (5d)
u r rf 0 10= =at , (5e)
u t r R zf r0 1 0= = ∂ ∂ = ( )ξ on . (5f)
It can be seen from the system [Eq. (5a–f)] that such system is
linear with no time-derivative term and no time-dependent coef-
ﬁcients, and, thus, it can admit solutions in the form:
u u P u r z u r z P z z zf p f p0 0 0 0 0 00 00 00 00 00, , , , , , , , , ,ξ η ξ η( ) ( ) ( ) ( ) ( ) (= )[ ]
( )cos tω . (6)
Instead of a cosine function as the time dependence part of the
dependent variables given in Eq. (6), it can be a sine function as well
that we also attempted, but the ﬁnal results for the solutions became
qualitatively unchanged, and, thus, we only consider here solu-
tions in the form given in Eq. (6).
Using Eq. (6) in Eq. (5a–b) and (5e–f), dividing each of these equa-
tions and the boundary conditions by cos(ωt), applying Eq. (5b) for
(uf00 − up00) in Eq. (5a) and integrating this equation twicewith respect
to r and making use of the boundary conditions, we ﬁnd:
u mC C dP dz
R r R r l r R l R
f
n n
00 00
2 2 2
1
2
1 4 1 1= − − −
− + −
( ) ( ) ( )[ ]( )
( ) ( ) ( )[ ] r1( ){ }, (7a)
u r z t u r z tf f0 00, , , cos .( ) ( ) ( )= ω (7b)
The expression for the axial velocity for the red cells is then found
from Eq. (5b) in terms of the axial velocity for the plasma in the
form:
u r z t u r z t u S dP dz tp p f0 00 0 2 001, , , cos cos .( ) ( ) ( ) ( )[ ]( ) ( )= = −ω β ω (7c)
Since both expressions for the axial velocity of the plasma and
red cells given by Eq. (7a–c) are in terms of the unknown pressure
gradient (dP00/dz), we obtain an expression for the pressure gradi-
ent by assuming a prescribed volume ﬂow rate in the annulus at
this order given by:
Q r C u Cu drf p
r
R
0 00 00
1
2 1= − +( )[ ]∫π . (8)
Using Eq. (7a–b) in Eq. (8), integrating in r, solving for the
pressure gradient and simplifying the resulting expression,
we ﬁnd:
dP dz Q R r
C S R r C
m
00 0
2
1
2
2 2
1
2
16
16 2 1
1
= − −
+ − −
−
( )( )[ ]{ }
( )[ ] ( ) ( )[ ]{
π
β
C R r R r l R rn( ) ( ) ( ) ( )[ ]+ − − }2 12 2 12 11 , (9a)
dP dz dP z t0 00= ( ) ( )d cos .ω (9b)
Next, since Kl is non-zero, Eq. (5c) implies:
ξ0 0= , (10a)
and using Eq. (6) in Eq. (5d), we have:
η ω σ
η
θ θ θ0 00 1 0
2
00
1z t P z cos t R K T hE n
z c
r e r,( ) ( )[ ] ( ) ( )[ ]{ }
( )
= − + −
≡
=
os tω( ). (10b)
The ﬂow resistance λ0, which also refers to as the impedance,
is given by:
λ0 00 0= ΔP Q , (11a)
where Δp00 is the pressure drop across the length 1 + 2b given by:
ΔP P P b dP dz dz
b
00 00 00 00
0
1 2
0 1 2= − + = −( ) ( ) ( )+∫ , (11b)
and b ≡ d/L0. Using Eqs. (11a–b), (6) and (5d), we ﬁnd:
φ λ σθ θ θ0 0 0 21= − + −( )[ ]{ }R K T hE ne r , (11c)
where ϕ0 is called here the radial displacement drop-ﬂow rate ratio
given in Eq. (11c) to the zeroth order in γ, which in analogy to the
ﬂow resistance is the ratio of the radial displacement drop across
the length 1 + 2b and the volume ﬂow rate. From Eq. (7a), we de-
termine the wall shear stress τw0 to the zeroth order in γ, which is
given to be:
τw0 0 001 2 2
1 4 1 1
= −∂ ∂ = − − −{
− −
( ) ( )[ ]( )
( )[ ] ( )
= ( )u r R mC C dP dz
R mC
f r R z
−
− }
≡
( )[ ]
( ) ( ) ( )[ ] ( )
( )
C
dP dz r R R r cos t
t
00 1
2 2
1
00
ln
cos .
ω
τ ωw (12)
3.2. Next order system
Using Eqs. (4) and (6) in Eq. (3a–f) and keeping only terms in
the order γ, we ﬁnd:
− − ∂ ∂ + − − ∂ ∂ ∂ ∂
+ − =
( ) ( ) ( )[ ]( )( )( )
( )
1 1 1 11 1
2
1 1
C P z mC r r r u r
CS u u
f
p f
C
β − −( ) ( )R C t ue f1 00ω ωsin , (13a)
− ∂ ∂ + − = −( ) ( )C P z CS u u R C t uf p e p1 2 1 1 00β ρω ωsin , (13b)
K R u r T T E h nl e f r t tξ σ σ ηθ θ θ1 0 1 0 0 2 01 1= − ∂ ∂ + − + − ∂ ∂( )( ) ( )[ ]( )= z ,
(13c)
− + − + − = − ∂ ∂( )[ ] ( )
=
P R K T E h n C tr e r r1 1 0
2
1 01θ θ θσ η η , (13d)
where the associated boundary conditions, which are obtained from
Eq. (3f–g) in the order γ, are in the form:
u r r u t r R zf f r1 1 1 1 10= = = ∂ ∂ =( ) ( )=at and onξ . (13e)
These equations together with the already presented solutions
for the dependent variables to the zeroth order in γ suggest the fol-
lowing form of the solutions to these equations:
u u P u r z u r z P z z sin tf p f p1 1 1 1 10 10 10 10, , , , , , , ,η η ω( ) ( ) ( ) ( ) ( )[ ] ( )= , (14a)
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ξ ξ ω1 10= ( ) ( )z cos t . (14b)
Using Eq. (14a–b) in Eq. (13a–e) and dividing the resulting equa-
tions by the time dependent factor, we solve the spatial dependence
of the dependent variables analytically, which lead to the follow-
ing solutions:
ξ τ η σ σθ θ θ10 00 00 0 0 21 1 1= + − + −( ) ( ) ( ) ( )[ ]{ }K R z T T E h nl e t tw d d , (15a)
u P z mC C R C S r
mC R C
f e
e
10 10
2 21 4 4 1
1 1
= − − +
+ − −
( ) ( ) ( )[ ] ( )[ ]
( )
d d { ρω β
ω ρ 1 1 4 1 16
4 1
2 2 4
2 2
1
2
1
− −
+ − − −
−
( )[ ] ( ) ( )[
( )( )( ) ( )
C R r r
r lnr R r lnR lnr
r2 2 12 1 1 24( )( )( ) ( ) ( ) ( )− − ]+ +R r lnR lnR lnr e z lnr e z , (15b)
u u S P z R up f e p10 10 2 10 001= + − +( )[ ] ( )[ ]β ρωd d . (15c)
where the expression for (dη00/dz) in Eq. (15a) can be found by taking
axial derivative of η00 in Eq. (10b) and is in the form:
d d d dη σθ θ θ00 00 1 0 21z P z R K T hE nr e r= − + −( )[ ] ( ) ( )[ ]{ }= , (15d)
and the expressions for e1(z) and e2(z) are given by Eqs. (A1)–(A2)
in the Appendix.
The solutions given by Eq. (15b–c) contain the unknown (dP10/dz)
that need to be determined. As in the case of the solutions to the
zeroth order in γ, we ﬁnd that it is needed to take into account a
prescribed volume ﬂow rate Q1 in the order γ in the form:
Q r C C r
r
R
1 10 10
1
2 1= − +[ ]( )∫π u u df p (15e)
in order to determine such factor of the pressure gradient to this
order. This leads to the following expression for (dP10/dz):
d dP z Q e z mC C R r
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where the expression for e3, g1 and g2 are given by Eqs. (A3)–(A5)
in the Appendix.
It should also be noted that no instability of the present solu-
tions, which refers to here as the basic state solutions, is possible
since the present modeling system is linear and, thus, any such pos-
sible disturbance that may arise in the ﬂow decays to zero very
quickly.
4. Results & discussion
In the following paragraphs, we present the results in most cases
up to the order in γ2, but some results to the leading order in γ that
agree qualitatively with the corresponding ones up to the order in
γ2 will also be presented. The present results are based on the gen-
erated data with respect to different parameters, r or z for a described
value of time or with respect to time but for prescribed values of
the parameters and spatial variables.
Since Kl ≠ 0, Eqs. (4), (10a) and (13c) imply that the axial dis-
placement of the wall ξ is non-zero after higher order γ contribution
is taken into account. However, Eqs. (4), (10b) and (13d) indicate
that the radial displacement η of the arterial wall is closely related
to the blood pressure outside the stenosis zone. Using the typical
values of the constants given in the expressions for η, we ﬁnd that
|η| is very small quantity of order (10−7). In addition, for a given
instant in time, higher magnitude of the blood pressure increases
the magnitude of the radial displacement, while lower magnitude
of the blood pressure reduces the magnitude of the radial displace-
ment. Oscillating blood pressure in time with frequency ω directly
translates into oscillations in time of the radial displacement of the
elastic wall with the same frequency and phase as the ones for the
blood pressure.
Figs. 3–4 present scaled radial displacement versus either he-
matocrit (Fig. 3 for catheter radius = 0.1) or catheter radius (Fig. 4
for C = 0.36) for t = 0, z = 1, Re = 1, h = 0.01, n = 1, σθ = 0.5, Eθ = 4(106),
Cl = 2200, ω = 8, Tθ0 = 0.1 and three different values of the scaled radial
stiffness 1 (solid line), 2 (dashed line) and 4 (dotted line). Since actual
values of the radial displacement and radial stiffness are very small
and very large, respectively, we presented in these ﬁgures scaled-
η = (108)η and scaled-Kr = (10−9) Kr.
It can be seen from these ﬁgures that the magnitude of the radial
displacement of the artery’s wall increases mostly linearly with the
hematocrit and non-linearly with the catheter’s radius, but it de-
creases with the increase in the wall stiffness. Rate of increase of
|η| with respect to C or r1 reduces with increasing the values of the
wall stiffness. However, rate of decrease of the magnitude of the
radial displacement is higher for higher values of the catheter radius.
Our additional generated data for η indicated that for a given value
of the blood pressure at an instant in time, the magnitude of the
radial displacement of the arterial wall decreases with the de-
crease in the values of the axial variable outside the stenosis zone,
thickness of the wall, Young moduli and the Reynolds number, but
|η| can increase with decreasing values of these constants. The mag-
nitude of the radial displacement can increase very slightly with
increasing the circumferential viscoelastic stress.
Fig. 5 presents the scaled radial displacement versus time for two
different values of the frequency of oscillation and for given values
of the other parameters that affect η as given the caption of this
ﬁgure. It is seen that the radial displacement changes sign more
quickly for higher frequency, but the maximum values of the
Fig. 3. Scaled radial displacement versus hematocrit for catheter radius = 0.1, t = 0,
z = 1, Re = 1, h = 0.01, σθ = 0.5, Eθ = 4(106), Cl = 2200, ω = 8, Tθ0 = 0.1 and three differ-
ent values of the scaled radial stiffness [scaled-Kr = 1 (solid line), 2 (dashed line), 4
(dotted line)].
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magnitude of the radial displacement remain insensitive with respect
to the frequency. Our additional the generated data for the radial
displacement indicate that the oscillations in time of the radial dis-
placement grow with increasing the hematocrit, catheter size,
volume ﬂow rate, blood pressure force and viscoelastic wall stress,
but these oscillations decay with increasing the elastic wall stiff-
ness in the radial direction and the elastic wall thickness.
Fig. 6 presents the leading order pressure gradient for a given
instant in time, catheter radius = 0.2 and for several values of the
hematocrit parameter. It can be seen from this ﬁgure that the mag-
nitude of the blood pressure gradient is affected and increased
signiﬁcantly by the presence of stenosis. But, one should note that
since leading order axial gradient of the radial displacement of the
wall, which can be found from the axial derivative of the expres-
sion for η0 in Eq. (10b), is affected only by the pressure gradient in
the region outside the stenosis zone, the radial displacement gra-
dient is independent of the axial variable implying that the radial
displacement can vary at most linearly with the axial variable. For
a ﬁxed instant in time, using axial derivative of the expression for
η0 in Eq. (10b), we ﬁnd that that axial gradient of pressure outside
stenosis zone is proportional to dη0/dz with proportionality con-
stant about 63332.9 for Kr = 104, h = 0.01, n = 1, σθ = 0.5, Eθ = 4(106)
and Tθ0 = 0.1. Thus, the magnitude of the pressure gradient force as
well as the gradient of the radial displacement increases with the
increase in the hematocrit effect. These results imply physically and
bio-medically that higher percentage of the blood cells in the blood
as well as more severity of the atherosclerosis can intensify the blood
pressure force in the artery, while higher percentage of the red cells
in the blood can increase the magnitude of the axial rate of change
of the radial displacement of the elastic wall.
Our additional generated data indicate that the blood pressure
oscillates in time and the oscillations grow with increasing the
volume ﬂow rate, hematocrit and the catheter size. Such oscilla-
tions grow signiﬁcantly in the stenosis zone. In addition, the
magnitude of the blood pressure force in the artery or the magni-
tude of the axial rate of change of the radial displacement increases
with the catheter radius, which is againmakes sense physically since
higher catheter radius implies smaller annulus gap leading to higher
value of the magnitude of the pressure force that also lead to higher
value of the magnitude of the axial rate of increase of the radial
displacement.
We also generated data up to the order γ2 for the axial velocity
of the blood plasma and blood cells versus the axial or radial vari-
able and for different values of the hematocrit parameter and the
catheter radius. As in the case of blood pressure and the radial dis-
placement of the wall, the plasma velocity and the red cell velocity
oscillate in time with the same frequency and phase as in the case
of the radial displacement of the elastic wall. The oscillations grow
signiﬁcantly in the stenosis zone. For the given instant in time, we
ﬁnd that the plasma velocity is constant outside the stenosis zone,
while it is variable and its magnitude increases with the stenosis
effect. The plasma velocity also increases with the catheter radius.
Higher values of the magnitude of the plasma velocity correspond
to higher values of the magnitude of the radial displacement of the
elastic wall. However, our generated data for the plasma velocity
versus different values of the hematocrit percentage indicated in-
signiﬁcant changes of the plasma speed with respect to the
hematocrit effect.
About the variation of the plasma velocity with respect to the
radial variable, we veriﬁed that its variation is somewhat similar
to that for a parabolic proﬁle, where it satisﬁes no-slip conditions
at the two boundaries of the catheterized artery system, and it has
a maximum value at some location in the annulus away from the
boundaries.
Our generated data for the axial velocity of the red cells versus
the axial, radial or time variable and for different values of the he-
matocrit parameter and the catheter radius indicated qualitatively
similar behavior to the case of plasma velocity but with magni-
tude slightly higher than the magnitude of the plasma velocity.
Higher values of the magnitude of the red cell velocity also corre-
spond to higher values of the magnitude of the radial displacement
of the elastic wall. Oscillatory variation of the magnitude of the red
cell velocity behaves similar to that of the magnitude of the radial
displacement of the wall.
Fig. 7 presents the leading order ﬂow resistance λ0 versus he-
matocrit parameter and for t = 0 and the values of 0.2, 0.4 and 0.6
of the catheter radius. This ﬁgure also can present the high-scaled
radial displacement drop-ﬂow rate ratio (63332.9ϕ0), which is based
on Eq. (11c) and corresponds to the values Kr = 104, h = 0.01, n = 1,
Fig. 4. The same as in Fig. 3 but for hematocrit = 0.36 and the scaled radial dis-
placement of the elastic wall versus catheter radius.
Fig. 5. Scaled radial displacement versus time for catheter radius = 0.1, z = 1, Re = 1,
h = 0.01, n = 1, σθ = 0.5, Eθ = 4(106), Cl = 2200, Tθ0 = 0.1, hematocrit = 0.31, scaled-Kr =1
and for ω = 4 (solid line) and 8 (dashed line).
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σθ = 0.5, Eθ = 4(106) and Tθ0 = 0.1, versus hematocrit parameter and
for the above stated values of time and the catheter radius.
It can be seen from this ﬁgure that the magnitude of the ﬂow
resistance or the radial displacement drop-ﬂow rate ratio in-
creases with respect to the hematocrit parameter, which is especially
notable for C < 0.2 and C > 0.4. Thus, themagnitude of either the ﬂow
resistance or the radial displacement drop-ﬂow rate ratio in-
creases with the increase in the hematocrit character of the blood
especially for relatively small percentage of the red cells or large
percentage of such cells in the plasma. The magnitude of either the
ﬂow resistance or the radial displacement drop-ﬂow rate ratio also
is higher if the catheter radius is larger. Both the ﬂow resistance and
the radial displacement drop-ﬂow rate oscillates in time and os-
cillations growwith increasing the hematocrit and the catheter size.
Our generated data up to the order γ2 for the wall shear stress
versus the axial variable and for different values of the hematocrit
and the catheter radius indicated that the shear stress oscillates in
time with similar frequency and phase as in the case of the radial
displacement of the elastic wall. The oscillations grow with volume
ﬂow rate and the blood pressure force, and such growth is more
signiﬁcant in the stenosis zone. For a given instant in time, the mag-
nitude of the wall shear stress increases with the catheter radius.
The magnitude of the wall shear stress is constant outside the ste-
nosis zone, while it varies with respect to the axial variable and
Fig. 6. Axial rate of change of blood pressure at a ﬁxed instant in time or equivalently at this value of time, high-scaled axial rate of change of the radial displacement of
the wall (63332.9 dη0/dz) in the region outside the stenosis zone versus axial variable for r1 = 0.2, Kr = 104, h = 0.01, n = 1, σθ = 0.5, Eθ = 4(106), Tθ0 =0.1 and several values of
C.
Fig. 7. Flow resistance λ0 (or high-scaled radial displacement drop-ﬂow rate ratio: 63332.9ϕ0) versus C for t = 0, Kr = 104, h = 0.01, n = 1, σθ = 0.5, Eθ = 4(106), Tθ0 = 0.1, and r1
=0.2, 0.4 and 0.6.
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increases signiﬁcantly in the stenosis zone and such increase in-
tensiﬁes in the axial location where the stenosis is more severe.
Although the magnitude of the wall shear stress was found to in-
crease with the hematocrit parameter, such increase was found to
be rather weak. Higher values of the wall shear stress also corre-
spond to higher values of the magnitude of the radial displacement
of the wall.
We now present the results and discussion for the axial dis-
placement of the elastic artery’s wall. Figs. 8 and 9 present scaled
axial displacement [scaled-ξ = (108)ξ] versus hematocrit (r1 = 0.1) and
catheter radius (C = 0.36), respectively, for t = 0, h = 0.01, n = 1, σθ = 0.5,
Et = Eθ = 4(106), Re = 1, Tt0 = 0.015, Tθ0 = 0.1, Kr = Kl and for three values
of the scaled axial stiffness [scaled-Kl = (10−9) Kl] 1 (solid line), 2
(dashed line) and 4 (dotted line). It can be seen from these ﬁgures
that the magnitude of the axial displacement increases nonlin-
early with respect to either hematocrit or the catheter radius, but
such magnitude decreases with the increase in the axial stiffness.
However, such nonlinear increase with respect to the catheter radius
appears to be somewhat stronger than that with respect to the he-
matocrit. The rate of increase of such magnitude with respect to
either hematocrit and catheter radius reduces with the increase in
the axial stiffness. However, regardless of the value of the wall stiff-
ness, the rate of increase of the magnitude of the axial displacement
of the elastic wall appears to be higher for the higher value of the
hematocrit or the catheter radius.
Fig. 10 presents scaled axial displacement versus time for cath-
eter radius = 0.1, hematocrit = 0.31, scaled-Kl = 1 and for frequency = 4
(solid line) and 8 (dashed line). Other parameter values in this ﬁgure
are the same as those for Figs. 8 and 9, which were listed in the pre-
vious paragraph.
It can be seen from this ﬁgure that the axial displacement os-
cillates in time more rapidly with higher frequency. The oscillatory
behavior of the magnitude of the axial displacement with respect
to time is about 90° out of phase with respect to the leading order
term for the magnitude of the radial displacement of the wall, but
the frequency of the oscillation remains the same. Our additional
generated data for the axial displacement oscillations in time versus
different values of the parameters that affect ξ indicated that such
oscillations grow with increasing the initial longitudinal viscoelas-
tic stress, wall shear stress, blood pressure force and volume ﬂow
rate, but these oscillations decay with the increase in the axial stiff-
ness and the Reynolds number.
5. Concluding remarks
We investigated the unsteady blood ﬂow in a catheterized elastic
artery in the presence of stenosis effect. Our formulation was based
on a two-phase blood ﬂuid ﬂowmodel of a combination of plasma
and red cells in an elastic artery. For the experimentally
Fig. 8. Scaled axial displacement of the elastic wall versus hematocrit for catheter
radius = 0.1, t = 0, h = 0.01, Re = 1, n = 1, σθ = 0.5, Et = Eθ = 4(106), Tt0 = 0.015, Tθ0 = 0.1,
Kr = Kl and for different values of the scaled axial stiffness [scaled-Kl = 1 (solid line),
2 (dashed line), 4 (dotted line)].
Fig. 9. The same in Fig. 8, but for the scaled axial displacement of the elastic artery’s
wall versus catheter radius and C = 0.36.
Fig. 10. Scaled axial displacement versus time for catheter radius = 0.1, hemato-
crit = 0.31, scaled Kl = 1 and for ω = 4 (solid line) and 8 (dashed line). Other elastic
wall parameter values for this ﬁgure are the same as those listed in Fig. 8’s caption.
D.N. Riahi/Engineering Science and Technology, an International Journal 19 (2016) 1233−1243 1241
investigated case of small value of the ratio of the artery radius and
axial extent of the stenosis [16], we determine important time-
dependent quantities, such as the blood pressure, radial displacement
of the elastic wall, blood pressure force, axial displacement of the
elastic wall, axial rate of change of the radial displacement, plasma
and red cells velocities, ﬂow resistance and the wall shear stress in
the presence of experimentally collected data for the stenosis effect,
which is taken into account from of the available experimental results
for a human artery. These quantities were evaluated at several values
of the hematocrit parameter, time and spatial variables, wall thick-
ness, volume ﬂow rate, wall stiffness, viscoelastic wall stress, Poisson
ratios, Young moduli, degree of anisotropy of the wall and the cath-
eter radius.
We found, in particular, that various quantities oscillate in time
with pulse frequency. The oscillations of the radial and axial dis-
placements of the elastic wall grow with the increase in the
hematocrit, volume ﬂow rate, blood pressure force, catheter radius
and the viscoelastic wall stress, but these oscillations decay with
the increase in the elastic wall stiffness and the elastic wall thick-
ness. Higher values of the volume ﬂow rate or the blood pressure
force correspond to thinner wall thickness. The blood pressure force,
plasma and red cells velocities, and the wall shear stress oscillate
in time, and their oscillations are more signiﬁcant in the stenosis
zone, where such oscillations become stronger at the axial loca-
tion where the effect of the stenosis is stronger.
In the present investigation we found that the blood pressure
force as well as the wall shear stress as determined by the blood
ﬂow in the artery can have signiﬁcant effects on the displacement
properties and behavior of the elastic wall, and the structure of the
axial displacement as well as the axial rate of the change of the radial
displacement of the elastic wall can affect the blood pressure force
and the blood ﬂow inside the artery. Our present results of the elastic
wall interactions with the content of the artery ﬂow via the wall
deformability are at least in agreement with the experimental results
due to Patel et al. [33] as in the case for the tethering of arteries in
dogs.
About the value of the present work to an alternative one that
could be based on a fully numerical simulation approach, it should
be noted that the present work can be complementary to such an
alternative one since the present approach yield fully explicit an-
alytical expressions for the blood ﬂow and elastic wall displacements
as functions of the parameters, which can be applicable for various
values of the blood ﬂow and elastic wall parameters.
An important extension of the present study can be for more
medically realistic ﬁnite systems with cases conforming to more
medically generated data in order to identify the components of the
elastic arterial blood ﬂow diseases, which can improve the health
conditions of the corresponding patients.
Appendix
The expressions for e1(z) and e2(z) introduced in Eq. (15b) are
given below:
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(A2)
where the expressions for g1 and g2 are:
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The expression for e3 introduced in Eq. (15f) is given below:
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